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A NEW TRANSFORMATION FORMULA INVOLVING
TWO 8ψ8 SERIES AND A 8φ7 SERIES
CHUANAN WEI
Department of Medical Informatics
Hainan Medical University, Haikou 571199, China
Abstract. In the literature of basic hypergeometric series, Bailey’s
6ψ6 series identity is very important. So finding the nontrivial extension
of it is a quite significative work. In this paper, we establish, above
all, a transformation formula involving two 8ψ8 series and a 8φ7 series
according to the analytic continuation argument. When the parameters
are specified, it reduces to Bailey’s 6ψ6 series identity and gives two
different bilateral generalizations of the nonterminating form of Jackon’s
8φ7 summation formula. Subsequently, a new extension of Ramanujan’s
1ψ1 series identity involving two 2ψ2 series and a 2φ1 series is derived
from this formula and a known transformation formula for bilateral basic
hypergeometric series. Finally, a new proof for the known extension of
Bailey’s 6ψ6 series identity involving a 8ψ8 series and two 8φ7 series is
also offered via the analytic continuation argument.
1. Introduction
For an integer n and two complex numbers x, q with |q| < 1, define the q-shifted factorial
to be
(x; q)∞ =
∞∏
i=0
(1 − xqi), (x; q)n =
(x; q)∞
(xqn; q)∞
.
For convenience, we shall adopt the following notations:
(x1, x2, · · · , xr; q)∞ = (x1; q)∞(x2; q)∞ · · · (xr ; q)∞,
(x1, x2, · · · , xr; q)n = (x1; q)n(x2; q)n · · · (xr; q)n.
Following Gasper and Rahman [13], define the unilateral basic hypergeometric series and
bilateral basic hypergeometric series by
rφs
[
a1, a2, · · · , ar
b1, b2, · · · , bs
∣∣∣ q; z
]
=
∞∑
k=0
(a1, a2, · · · , ar; q)k
(q, b1, b2, · · · , bs; q)k
{
(−1)kq(
k
2
)
}1+s−r
zk,
rψs
[
a1, a2, · · · , ar
b1, b2, · · · , bs
∣∣∣ q; z
]
=
∞∑
k=−∞
(a1, a2, · · · , ar; q)k
(b1, b2, · · · , bs; q)k
{
(−1)kq(
k
2
)
}s−r
zk,
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where {ai}i≥1 and {bj}j≥1 are complex parameters such that no zero factors appear
in the denominators of the summand on the right hand side. Then Bailey’s 6ψ6 series
identity can be expressed as
6ψ6
[
qa
1
2 ,−qa
1
2 , b, c, d, e
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e
∣∣∣ q; qa2
bcde
]
=
(q, qa, q/a, qa/bc, qa/bd, qa/be, qa/cd, qa/ce, qa/de; q)∞
(q/b, q/c, q/d, q/e, qa/b, qa/c, qa/d, qa/e, qa2/bcde; q)∞
, (1)
provided |qa2/bcde| < 1. This beautiful formula is very important. Bailey [7] discovered
it through the transformation formula involving three 8φ7 series (cf. [13, Exercise 2.15]):
1
a
(qa/d, qa/e, qa/f, q/ad, q/ae, q/af ; q)∞
(qa2, ab, ac, b/a, c/a; q)∞
× 8φ7
[
a2, qa,−qa, ab, ac, ad, ae, af
a,−a, qa/b, qa/c, qa/d, qa/e, qa/f
∣∣∣ q; q2
abcdef
]
+
1
b
(qb/d, qb/e, qb/f, q/bd, q/be, q/bf ; q)∞
(qb2, ba, bc, a/b, c/b; q)∞
× 8φ7
[
b2, qb,−qb, ba, bc, bd, be, bf
b,−b, qb/a, qb/c, qb/d, qb/e, qb/f
∣∣∣ q; q2
abcdef
]
+
1
c
(qc/d, qc/e, qc/f, q/cd, q/ce, q/cf ; q)∞
(qc2, ca, cb, a/c, b/c; q)∞
× 8φ7
[
c2, qc,−qc, ca, cb, cd, ce, cf
c,−c, qc/a, qc/b, qc/d, qc/e, qc/f
∣∣∣ q; q2
abcdef
]
= 0, (2)
where |q2/abcdef | < 1. Andrews [3] proved it by utilizing q-difference equations and
Laurent series expansion. Askey and Ismail [6] confirmed it by applying the analytic
continuation argument to Rogers’ 6φ5 summation formula (cf. [13, Equation (2.7.1)]):
6φ5
[
a, qa
1
2 ,−qa
1
2 , b, c, d
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d
∣∣∣ q; qa
bcd
]
=
(qa, qa/bc, qa/bd, qa/cd; q)∞
(qa/b, qa/c, qa/d, qa/bcd; q)∞
, (3)
provided |qa/bcd| < 1. Schlosser [20] verified also (1) in terms of (3) and the series
rearrangement method. Other proofs of (1) can be seen in the papers [5, 9, 11, 17, 18,
22, 23].
In view of the importance of Bailey’s 6ψ6 series identity (1), finding the nontrivial ex-
tension of it is a very significative work. Our main result involving two 8ψ8 series and a
8φ7 series reads
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, g
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2a3
bcdefg
]
=
(qa, q/a, qa/cd, qa/ce, qa/de, qa/fg, b/a, qu/c, qu/d, qu/e, qa/uf, qa/ug; q)∞
(q/f, q/g, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u, qa2/ufg; q)∞
× 8ψ8
[
qu
1
2 ,−qu
1
2 , b, c, d, e, uf/a, ug/a
u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qa/f, qa/g
∣∣∣ q; qa
fg
]
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+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, qb/f, qb/g; q)∞
(q/f, q/g, qa/b, qa/c, qa/d, qa/e, qa/f, qa/g, bc/a, bd/a, be/a; q)∞
×
(qa/bf, qa/bg, bcde/qa2, q2a2/bcde; q)∞
(q/b, qb2/a, cde/qa, q2a/cde; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a, bg/a
ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, qb/g
∣∣∣ q; q2a3
bcdefg
]
, (4)
where u = bcde/qa and max{|qa/fg|, |q2a3/bcdefg|} < 1. Recall Jackon’s 8φ7 summation
formula (cf. [13, Equation (2.6.2)]):
8φ7
[
a, qa
1
2 ,−qa
1
2 , b, c, d, q1+na2/bcd, q−n
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, q−nbcd/a, q1+na
∣∣∣ q; q
]
=
(qa, qa/bc, qa/bd, qa/cd; q)n
(qa/b, qa/c, qa/d, qa/bcd; q)n
. (5)
The nonterminating form of it (cf. [13, Equation (2.11.7)]) can be written as
8φ7
[
a, qa
1
2 ,−qa
1
2 , b, c, d, e, f
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f
∣∣∣ q; q
]
=
b
a
(qa, c, d, e, f, qb/a, qb/c, qb/d, qb/e, qb/f ; q)∞
(qa/b, qa/c, qa/d, qa/e, qa/f, bc/a, bd/a, be/a, bf/a, b2q/a; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , b, bc/a, bd/a, be/a, bf/a
ba−
1
2 ,−ba−
1
2 , qb/a, qb/c, qb/d, qb/e, qb/f
∣∣∣ q; q
]
+
(qa, b/a, qa/cd, qa/ce, qa/cf, qa/de, qa/df, qa/ef ; q)∞
(qa/c, qa/d, qa/e, qa/f, bc/a, bd/a, be/a, bf/a; q)∞
(6)
with the condition qa2 = bcdef .
When the parameters are specified, (4) will reduce to (1) and can give two different
bilateral generalizations of (6).
Let the symbol “idem(x, y)” after an expression mean that the preceding expression
is repeated with x and y interchanged. Then a known extension of Bailey’s 6ψ6 series
identity involving a 8ψ8 series and two 8φ7 series due to Slater [21] (see also [13, Equation
(5.6.1)]), which comes from the series rearrangement method, can be stated as
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, g
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2a3
bcdefg
]
=
(q, qa, q/a, qa/bf, qa/cf, qa/df, qa/ef, qf/b, qf/c, qf/d, qf/e, g, g/a; q)∞
(q/b, q/c, q/d, q/e, q/f, qa/b, qa/c, qa/d, qa/e, qa/f, g/f, fg/a, qf2/a; q)∞
× 8φ7
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , bf/a, cf/a, df/a, ef/a, gf/a
fa−
1
2 ,−fa−
1
2 , qf/b, qf/c, qf/d, qf/e, qf/g
∣∣∣ q; q2a3
bcdefg
]
+ idem(f ; g), (7)
provided |q2a3/bcdefg| < 1. (7) can be regarded as the bilateral extension of (2) because
the former reduces to the latter when b = a after the suitable parameter replacements.
So it is desirable to deduce (7) by means of (2) and the analytic continuation argument.
The structure of the paper is arranged as follows. In section 2, we shall construct the
proof of (4) in accordance with the analytic continuation argument and offer a new
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extension of Ramanujan’s 1ψ1 series identity. In section 3, the analytic continuation
argument is reused to provide a new proof of (7).
2. A new transformation formula involving
two 8ψ8 series and a 8φ7 series
For deriving the main result, the following lemma (cf. [19, p.90]; see also [24, p.741]) and
proposition are required.
Lemma 1. Let U be a connected open set and f , g be analytic on U . If f and g agree
infinitely often near an interior point of U , then we have f(z) = g(z) for all z ∈ U .
Proposition 2. Let a, b, c, d, e, f be complex numbers. Then
8φ7
[
a, qa
1
2 ,−qa
1
2 , b, c, d, e, f
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f
∣∣∣ q; q2a2
bcdef
]
=
(qa, qa/cd, qa/ce, qa/de, b/a, qu/c, qu/d, qu/e; q)∞
(qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu; q)∞
× 8φ7
[
u, qu
1
2 ,−qu
1
2 , uf/a, b, c, d, e
u
1
2 ,−u
1
2 , qa/f, qu/b, qu/c, qu/d, qu/e
∣∣∣ q; q
f
]
+
(qa, qb/a, qb/c, qb/d, qb/e, qb/f, c, d, e; q)∞
(qa/b, qa/c, qa/d, qa/e, qa/f, bc/a, bd/a, be/a, cde/qa; q)∞
×
(qa/bf, bcde/qa2, q2a2/bcde; q)∞
(q2a/cde, q/f, qb2/a; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , b, bc/a, bd/a, be/a, bf/a
ba−
1
2 ,−ba−
1
2 , qb/a, qb/c, qb/d, qb/e, qb/f
∣∣∣ q; q2a2
bcdef
]
,
where u = bcde/qa and max{|q/f |, |q2a2/bcdef |} < 1.
Proof. According to the transformation formula involving two 8φ7 series (cf. [13, Equa-
tion (2.10.1)]):
8φ7
[
a, qa
1
2 ,−qa
1
2 , b, c, d, e, f
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f
∣∣∣ q; q2a2
bcdef
]
=
(qa, qa/ef, qλ/e, qλ/f ; q)∞
(qa/e, qa/f, qλ, qλ/ef ; q)∞
× 8φ7
[
λ, qλ
1
2 ,−qλ
1
2 , λb/a, λc/a, λd/a, e, f
λ
1
2 ,−λ
1
2 , qa/b, qa/c, qa/d, qλ/e, qλ/f
∣∣∣ q; qa
ef
]
(8)
with λ = qa2/bcd, we obtain
8φ7
[
ef/c, q(ef/c)
1
2 ,−q(ef/c)
1
2 , qa/bc, qa/cd, ef/a, e, f
(ef/c)
1
2 ,−(ef/c)
1
2 , bef/a, def/a, qa/c, qf/c, qe/c
∣∣∣ q; bd
a
]
=
(q/c, qef/c, bde/a, bdf/a; q)∞
(qe/c, qf/c, bd/a, bdef/a; q)∞
× 8φ7
[
bdef/qa, q(bdef/qa)
1
2 ,−q(bdef/qa)
1
2 , bcdef/qa2, b, d, e, f
(bdef/qa)
1
2 ,−(bdef/qa)
1
2 , qa/c, def/a, bef/a, bdf/a, bde/a
∣∣∣ q; q
c
]
.
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Putting the last equation into the transformation formula involving three 8φ7 series (cf.
[13, Equation (2.11.1)]):
8φ7
[
a, qa
1
2 ,−qa
1
2 , b, c, d, e, f
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f
∣∣∣ q; q2a2
bcdef
]
=
(qa, qa/de, qa/df, qa/ef, qe/c, qf/c, b/a, bef/a; q)∞
(qa/d, qa/e, qa/f, qa/def, q/c, qef/c, be/a, bf/a; q)∞
× 8φ7
[
ef/c, q(ef/c)
1
2 ,−q(ef/c)
1
2 , qa/bc, qa/cd, ef/a, e, f
(ef/c)
1
2 ,−(ef/c)
1
2 , bef/a, def/a, qa/c, qf/c, qe/c
∣∣∣ q; bd
a
]
+
b
a
(qa, qb/a, qb/c, qb/d, qb/e, qb/f, d, e, f ; q)∞
(qa/b, qa/c, qa/d, qa/e, qa/f, bd/a, be/a, bf/a, def/a; q)∞
×
(qa/bc, bdef/a2, qa2/bdef ; q)∞
(qa/def, q/c, qb2/a; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , b, bc/a, bd/a, be/a, bf/a
ba−
1
2 ,−ba−
1
2 , qb/a, qb/c, qb/d, qb/e, qb/f
∣∣∣ q; q2a2
bcdef
]
and then interchanging the parameters c and f , we get Proposition 2. 
When f = a/b, Proposition 2 produces the interesting three-term relation after inter-
changing the parameters b and e.
Corollary 3. Let a, b, c, d, e, f be complex numbers. Then
8φ7
[
a, qa
1
2 ,−qa
1
2 , b, c, d, e, a/e
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qe
∣∣∣ q; q2a
bcd
]
=
(qa, qa/bc, qa/bd, qa/cd, e/a, bce/a, bde/a, cde/a; q)∞
(qa/b, qa/c, qa/d, qa/bcd, be/a, ce/a, de/a, bcde/a; q)∞
× 8φ7
[
u, qu
1
2 ,−qu
1
2 , b, c, d, e, u/e
u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qe
∣∣∣ q; qe
a
]
+
(q, qa, b, c, d, qe/b, qe/c, qe/d, bcde/qa2, q2a2/bcde; q)∞
(qa/b, qa/c, qa/d, qa/e, qe, be/a, ce/a, de/a, bcd/qa, q2a/bcd; q)∞
,
provided max{|qe/a|, |q2a/bcd|} < 1.
Theorem 4. Let a, b, c, d, e, f, g be complex numbers. Then
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, g
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2a3
bcdefg
]
=
(qa, q/a, qa/cd, qa/ce, qa/de, qa/fg, b/a, qu/c, qu/d, qu/e, qa/uf, qa/ug; q)∞
(q/f, q/g, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u, qa2/ufg; q)∞
× 8ψ8
[
qu
1
2 ,−qu
1
2 , b, c, d, e, uf/a, ug/a
u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qa/f, qa/g
∣∣∣ q; qa
fg
]
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, qb/f, qb/g; q)∞
(q/f, q/g, qa/b, qa/c, qa/d, qa/e, qa/f, qa/g, bc/a, bd/a, be/a; q)∞
×
(qa/bf, qa/bg, bcde/qa2, q2a2/bcde; q)∞
(q/b, qb2/a, cde/qa, q2a/cde; q)∞
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× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a, bg/a
ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, qb/g
∣∣∣ q; q2a3
bcdefg
]
,
where max{|qa/fg|, |q2a3/bcdefg|} < 1.
Proof. Employing the substitutions a → aq−2m, b → bq−m, c → cq−m, d → eq−m, e →
eq−m and f → fq−m in Proposition 2, we gain
8φ7
[
q−2ma, q1−ma
1
2 ,−q1−ma
1
2 , q−mb, q−mc, q−md, q−me, q−mf
q−ma
1
2 ,−q−ma
1
2 , q1−ma/b, q1−ma/c, q1−ma/d, q1−ma/e, q1−ma/f
∣∣∣ q; q2+ma2
bcdef
]
=
(q1−2ma, qa/cd, qa/ce, qa/de, qmb/a, q1−mu/c, q1−mu/d, q1−mu/e; q)∞
(q1−ma/c, q1−ma/d, q1−ma/e, bc/a, bd/a, be/a, qmb/u, q1−2mu; q)∞
× 8φ7
[
q−2mu, q1−mu
1
2 ,−q1−mu
1
2 , q−muf/a, q−mb, q−mc, q−md, q−me
q−mu
1
2 ,−q−mu
1
2 , q1−ma/f, q1−mu/b, q1−mu/c, q1−mu/d, q1−mu/e
∣∣∣ q; q1+m
f
]
×
(q1−2ma, q1+mb/a, qb/c, qb/d, qb/e, qb/f, q−mc; q)∞
(q1−ma/b, q1−ma/c, q1−ma/d, q1−ma/e, q1−ma/f, bc/a, bd/a; q)∞
×
(q−md, q−me, qa/bf, bcde/qa2, q2a2/bcde; q)∞
(be/a, q−m−1cde/a, q2+ma/cde, q1+m/f, qb2/a; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , q−mb, bc/a, bd/a, be/a, bf/a
ba−
1
2 ,−ba−
1
2 , q1+mb/a, qb/c, qb/d, qb/e, qb/f
∣∣∣ q; q2+ma2
bcdef
]
. (9)
For a positive integer m, we have the relation
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−ma
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+m
∣∣∣ q; q2+ma2
bcdef
]
=
∞∑
k=−m
(qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−ma; q)k
(a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+m; q)k
(
q2+ma2
bcdef
)k
=
∞∑
k=0
(qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−ma; q)k−m
(a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+m; q)k−m
(
q2+ma2
bcdef
)k−m
=
(qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−ma; q)−m
(a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+m; q)−m
(
q2+ma2
bcdef
)−m
× 8φ7
[
q−2ma, q1−ma
1
2 ,−q1−ma
1
2 , q−mb, q−mc, q−md, q−me, q−mf
q−ma
1
2 ,−q−ma
1
2 , q1−ma/b, q1−ma/c, q1−ma/d, q1−ma/e, q1−ma/f
∣∣∣ q; q2+ma2
bcdef
]
.
The combination of (9) and the last equation generates
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−ma
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+m
∣∣∣ q; q2+ma2
bcdef
]
=
(qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−ma; q)−m
(a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+m; q)−m
(
q2+ma2
bcdef
)−m
×
(q1−2ma, qa/cd, qa/ce, qa/de, qmb/a, q1−mu/c, q1−mu/d, q1−mu/e; q)∞
(q1−ma/c, q1−ma/d, q1−ma/e, bc/a, bd/a, be/a, qmb/u, q1−2mu; q)∞
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× 8φ7
[
q−2mu, q1−mu
1
2 ,−q1−mu
1
2 , q−muf/a, q−mb, q−mc, q−md, q−me
q−mu
1
2 ,−q−mu
1
2 , q1−ma/f, q1−mu/b, q1−mu/c, q1−mu/d, q1−mu/e
∣∣∣ q; q1+m
f
]
+
(qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−ma; q)−m
(a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+m; q)−m
(
q2+ma2
bcdef
)−m
×
(q1−2ma, q1+mb/a, qb/c, qb/d, qb/e, qb/f, q−mc; q)∞
(q1−ma/b, q1−ma/c, q1−ma/d, q1−ma/e, q1−ma/f, bc/a, bd/a; q)∞
×
(q−md, q−me, qa/bf, bcde/qa2, q2a2/bcde; q)∞
(be/a, q−m−1cde/a, q2+ma/cde, q1+m/f, qb2/a; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , q−mb, bc/a, bd/a, be/a, bf/a
ba−
1
2 ,−ba−
1
2 , q1+mb/a, qb/c, qb/d, qb/e, qb/f
∣∣∣ q; q2+ma2
bcdef
]
. (10)
The first 8φ7 series on the right hand side can be manipulated as
8φ7
[
q−2mu, q1−mu
1
2 ,−q1−mu
1
2 , q−muf/a, q−mb, q−mc, q−md, q−me
q−mu
1
2 ,−q−mu
1
2 , q1−ma/f, q1−mu/b, q1−mu/c, q1−mu/d, q1−mu/e
∣∣∣ q; q1+m
f
]
=
(q−2mu, q1−mu
1
2 ,−q1−mu
1
2 , q−muf/a, q−mb, q−mc, q−md, q−me; q)m(q
1+m/f)m
(q, q−mu
1
2 ,−q−mu
1
2 , q1−ma/f, q1−mu/b, q1−mu/c, q1−mu/d, q1−mu/e; q)m
× 8ψ8
[
qu
1
2 ,−qu
1
2 , b, c, d, e, uf/a, q−mu
u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qa/f, q1+m
∣∣∣ q; q1+m
f
]
.
Put the last relation into (10) to achieve
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−ma
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+m
∣∣∣ q; q2+ma2
bcdef
]
=
(qa, q/a, qa/cd, qa/ce, qa/de, q1+m/f, b/a, qu/c, qu/d, qu/e, qa/uf, q1+m/u; q)∞
(q/f, q1+m/a, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u, q1+ma/uf ; q)∞
× 8ψ8
[
qu
1
2 ,−qu
1
2 , b, c, d, e, uf/a, q−mu
u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qa/f, q1+m
∣∣∣ q; q1+m
f
]
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, qb/f, q1+mb/a; q)∞
(q/f, q1+m/a, qa/b, qa/c, qa/d, qa/e, qa/f, q1+m, bc/a, bd/a, be/a; q)∞
×
(qa/bf, q1+m/b, bcde/qa2, q2a2/bcde; q)∞
(q/b, qb2/a, cde/qa, q2a/cde; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a, q−mb
ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, q1+mb/a
∣∣∣ q; q2+ma2
bcdef
]
. (11)
Define two functions f(z) and g(z) to be
f(z) = 8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, qa/z
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, z
∣∣∣ q; qza2
bcdef
]
=
∞∑
k=0
(qa
1
2 ,−qa
1
2 , b, c, d, e, f ; q)k
∏k
i=1(z − q
ia)
(a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, z; q)k
(
qa2
bcdef
)k
+
∞∑
k=1
(q/a
1
2 ,−q/a
1
2 , b/a, c/a, d/a, e/a, f/a; q)k
∏k
i=1(z − q
i)
(1/a
1
2 ,−1/a
1
2 , q/b, q/c, q/d, q/e, q/f, z/a; q)k
(
qa2
bcdef
)k
,
8 Chuanan Wei
g(z) =
(qa, q/a, qa/cd, qa/ce, qa/de, z/f, b/a, qu/c, qu/d, qu/e, qa/uf, z/u; q)∞
(q/f, z/a, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u, za/uf ; q)∞
× 8ψ8
[
qu
1
2 ,−qu
1
2 , b, c, d, e, uf/a, qu/z
u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qa/f, z
∣∣∣ q; z
f
]
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, qb/f, zb/a; q)∞
(q/f, z/a, qa/b, qa/c, qa/d, qa/e, qa/f, z, bc/a, bd/a, be/a; q)∞
×
(qa/bf, z/b, bcde/qa2, q2a2/bcde; q)∞
(q/b, qb2/a, cde/qa, q2a/cde; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a, qb/z
ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, zb/a
∣∣∣ q; qza2
bcdef
]
=
(qa, q/a, qa/cd, qa/ce, qa/de, z/f, b/a, qu/c, qu/d, qu/e, qa/uf, z/u; q)∞
(q/f, z/a, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u, za/uf ; q)∞
×
{ ∞∑
k=0
(qu
1
2 ,−qu
1
2 , b, c, d, e, uf/a; q)k
∏k
i=1(z − q
iu)
(u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qa/f, z; q)k
(
1
f
)k
+
∞∑
k=1
(q/u
1
2 ,−q/u
1
2 , b/u, c/u, d/u, e/u, f/a; q)k
∏k
i=1(z − q
i)
(1/u
1
2 ,−1/u
1
2 , q/b, q/c, q/d, q/e, qa/uf, z/u; q)k
(
1
f
)k}
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, qb/f, zb/a; q)∞
(q/f, z/a, qa/b, qa/c, qa/d, qa/e, qa/f, z, bc/a, bd/a, be/a; q)∞
×
(qa/bf, z/b, bcde/qa2, q2a2/bcde; q)∞
(q/b, qb2/a, cde/qa, q2a/cde; q)∞
×
∞∑
k=0
(b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a; q)k
∏k
i=1(z − q
ib)
(q, ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, zb/a; q)k
(
qa2
bcdef
)k
.
Then (11) shows that
f(z) = g(z) (12)
for z = q1+m. Based on Lemma 1, (12) holds for all |z| < min{1, |a|, |u|, |a/b|, |uf/a|}.
By analytic continuation, the restriction on z can by relaxed. Thus we attain
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, qa/z
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, z
∣∣∣ q; qza2
bcdef
]
=
(qa, q/a, qa/cd, qa/ce, qa/de, z/f, b/a, qu/c, qu/d, qu/e, qa/uf, z/u; q)∞
(q/f, z/a, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u, za/uf ; q)∞
× 8ψ8
[
qu
1
2 ,−qu
1
2 , b, c, d, e, uf/a, qu/z
u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qa/f, z
∣∣∣ q; z
f
]
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, qb/f, zb/a; q)∞
(q/f, z/a, qa/b, qa/c, qa/d, qa/e, qa/f, z, bc/a, bd/a, be/a; q)∞
×
(qa/bf, z/b, bcde/qa2, q2a2/bcde; q)∞
(q/b, qb2/a, cde/qa, q2a/cde; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a, qb/z
ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, zb/a
∣∣∣ q; qza2
bcdef
]
.
Replacing z by qa/g in the last equation, we obtain Theorem 4. 
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When qa = de, Theorem 4 becomes
6ψ6
[
qa
1
2 ,−qa
1
2 , b, c, f, g
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/f, qa/g
∣∣∣ q; qa2
bcfg
]
=
(q, qa, q/a, qa/bc, qa/bf, qa/bg, qb/c, qb/f, qb/g; q)∞
(q/b, q/c, q/f, q/g, qa/b, qa/c, qa/f, qa/g, qb2/a; q)∞
× 6φ5
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bf/a, bg/a
ba−
1
2 ,−ba−
1
2 , qb/c, qb/f, qb/g
∣∣∣ q; qa2
bcfg
]
.
Calculating the series on the right hand side by the Rogers’ 6φ5 summation formula (3),
we get Bailey’s 6ψ6 series identity (1) under the substitutions f → d and g → e.
Setting qa2 = bcdef in Theorem 4, we gain the following transformation formula.
Corollary 5. Let a, b, c, d, e, f, g be complex numbers. Then
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, g
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; qa
g
]
=
(q, qa, q/a, qa/cd, qa/ce, qa/cf, qa/de, qa/df, qa/ef, qa/fg, b/a, qf/g; q)∞
(qa/c, qa/d, qa/e, qa/f, qa/g, bc/a, bd/a, be/a, bf/a, qf/a, q/f, q/g; q)∞
× 8φ7
[
f/a, q(f/a)
1
2 ,−q/(f/a)
1
2 , bf/a, cf/a, df/a, ef/a, g/a
(f/a)
1
2 ,−(f/a)
1
2 , q/b, q/c, q/d, q/e, qf/g
∣∣∣ q; qa
fg
]
+
b
a
(q, qa, q/a, c, d, e, f, qb/c, qb/d, qb/e, qb/f, qb/g, qa/bg; q)∞
(q/b, q/g, qa/b, qa/c, qa/d, qa/e, qa/f, qa/g, bc/a, bd/a, be/a, , bf/a, qb2/a; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a, bg/a
ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, qb/g
∣∣∣ q; qa
g
]
,
provided qa2 = bcdef and max{|qa/g|, |qa/fg|} < 1.
Corollary 5 is a bilateral generalization of the nonterminating form of Jackon’s 8φ7 sum-
mation formula (6). The former reduces exactly to the later when g = a.
Taking e = q−n in Corollary 5, we achieve the following transformation formula under
the replacements b→ e, f → b and g → f .
Corollary 6. Let a, b, c, d, e, f be complex numbers. Then
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−n
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+na
∣∣∣ q; qa
f
]
=
(qa, qa/bc, qa/bd, qa/cd; q)n
(qa/b, qa/c, qa/d, qa/bcd; q)n
(q, q/a, qb/f, qa/bf ; q)∞
(q/b, q/f, qb/a, qa/f ; q)∞
× 8φ7
[
b/a, q(b/a)
1
2 ,−q(b/a)
1
2 , bc/a, bd/a, be/a, f/a, bq−n/a
(b/a)
1
2 ,−(b/a)
1
2 , q/c, q/d, q/e, qb/f, q1+n
∣∣∣ q; qa
bf
]
,
where q1+na2 = bcde and max{|qa/f |, |qa/bf |} < 1.
Corollary 6 is a bilateral generalization of Jackon’s 8φ7 summation formula (5). The
former reduces to the later when f = a.
Fixing qa3 = bcdefg in Theorem 4, we attain the following transformation formula.
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Corollary 7. Let a, b, c, d, e, f, g be complex numbers. Then
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, g
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q
]
=
(qa, q/a, qa/cd, qa/ce, qa/de, qa/fg, b/a, bcd/a, bce/a, bde/a, qf/a, qg/a; q)∞
(q, qa/c, qa/d, qa/e, qa/cde, bc/a, bd/a, be/a, q/f, q/g, qa2/fg, qfg/a2; q)∞
× 8ψ8
[
qa/(fg)
1
2 ,−qa/(fg)
1
2 , b, c, d, e, a/f, a/g
a/(fg)
1
2 ,−a/(fg)
1
2 , qa2/bfg, qa2/cfg, qa2/dfg, qa2/efg, qa/g, qa/f
∣∣∣ q; qa
fg
]
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, qb/f, qb/g; q)∞
(q/f, q/g, qa/b, qa/c, qa/d, qa/e, qa/f, qa/g, bc/a, bd/a, be/a; q)∞
×
(qa/bf, qa/bg, a/fg, qfg/a; q)∞
(q/b, qb2/a, cde/qa, q2a/cde; q)∞
× 8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a, bg/a
ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, qb/g
∣∣∣ q; q
]
,
provided qa3 = bcdefg and |qa/fg| < 1.
Corollary 7 is another bilateral generalization of the nonterminating form of Jackon’s 8φ7
summation formula (6). The former reduces exactly to the later when g = a.
Setting e = q−n in Corollary 7, we obtain the following transformation formula under
the substitution g → e.
Corollary 8. Let a, b, c, d, e, f be complex numbers. Then
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, q−n
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, q1+na
∣∣∣ q; q
]
=
(qa, qa/bc, qa/bd, qa/cd; q)n
(qa/b, qa/c, qa/d, qa/bcd; q)n
(q/a, qe/a, qf/a, qa/ef ; q)∞
(q, q/e, q/f, qef/a2; q)∞
× 8ψ8
[
qa/(ef)
1
2 ,−qa/(ef)
1
2 , a/e, a/f, b, c, d, q−n
a/(ef)
1
2 ,−a/(ef)
1
2 , qa/f, qa/e, qa2/bef, qa2/cef, qa2/def, q1+na2/ef
∣∣∣ q; qa
ef
]
,
where q1+na3 = bcdef and |qa/ef | < 1.
Corollary 8 is another bilateral generalization of Jackon’s 8φ7 summation formula (5).
The former reduces to the later when f = a.
Taking g = a/b in Theorem 4 and then interchanging the parameters b and f , we get the
nice three-term relation.
Corollary 9. Let a, b, c, d, e, f be complex numbers. Then
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, a/f
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, qf
∣∣∣ q; q2a2
bcde
]
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=
(qa, q/a, qa/cd, qa/ce, qa/de, f/a, qf/b, qv/c, qv/d, qv/e, qf/v, qa/bv; q)∞
(qa/c, qa/d, qa/e, cf/a, df/a, ef/a, qf/a, q/b, q/v, f/v, qv, qaf/bv; q)∞
× 8ψ8
[
qv
1
2 ,−qv
1
2 , bv/a, c, d, e, f, v/f
v
1
2 ,−v
1
2 , qa/b, qv/c, qv/d, qv/e, qv/f, qf
∣∣∣ q; qf
b
]
+
(q, q, qa, q/a, c, d, e, qf/b, qf/c, qf/d, qf/e, qa/bf, v/a, qa/v; q)∞
(q/b, q/f, qf, qf/a, qa/b, qa/c, qa/d, qa/e, qa/f, cf/a, df/a, ef/a, v/f, qf/v; q)∞
,
provided v = cdef/qa and max{|qf/b|, |q2a2/bcde|} < 1.
Corollary 9 is a bilateral generalization of Corollary 3. When b = a, the former reduces
to the latter under the replacements e→ b and f → e.
When f, g →∞, Theorem 4 gives the following relation.
Corollary 10. Let a, b, c, d, e be complex numbers. Then
+∞∑
k=−∞
1− aq2k
1− a
(b, c, d, e; q)k
(qa/b, qa/c, qa/d, qa/e; q)k
qk
2
(
qa3
bcde
)k
=
(qa, q/a, qa/cd, qa/ce, qa/de, b/a, qu/c, qu/d, qu/e; q)∞
(qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u; q)∞
×
+∞∑
k=−∞
1− uq2k
1− u
(b, c, d, e; q)k
(qu/b, qu/c, qu/d, qu/e; q)k
qk
2
(
qu3
bcde
)k
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, bcde/qa2, q2a2/bcde; q)∞
(qa/b, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, q/b, qb2/a, cde/qa, q2a/cde; q)∞
×
+∞∑
k=0
1− q2kb2/a
1− b2/a
(b2/a, bc/a, bd/a, be/a; q)k
(q, qb/c, qb/d, qb/e; q)k
qk
2
(
qab
cde
)k
.
Next, we are ready to establish the following transformation formula involving two 2ψ2
series and a 2φ1 series.
Theorem 11. Let a, b, c, d, z be complex numbers. Then
2ψ2
[
a, b
c, d
∣∣∣ q; z
]
=
(q/z, q/c, qab/c, d/a, d/b; q)∞
(qa/c, qb/c, d, d/ab, cd/abz; q)∞
× 2ψ2
[
a, b
qab/c, qab/d
∣∣∣ q; qabz
cd
]
+
(q, a, b, qd/c, cd/ab, qab/cd, abz/d, qd/abz; q)∞
(c, d, qa/c, qb/c, ab/d, qd/ab, cd/abz, qabz/cd; q)∞
× 2φ1
[
qa/c, qb/c
qd/c
∣∣∣ q; z
]
,
where |cd/ab| < |z| < 1 and |q| < |z| < |cd/qab|.
Proof. In terms of the transformation formula due to Bailey [8, Equation (3.2)] (see also
[13, Exercise 5.11]):
+∞∑
k=−∞
1− aq2k
1− a
(b, c, d, e; q)k
(qa/b, qa/c, qa/d, qa/e; q)k
qk
2
(
qa3
bcde
)k
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=
(qa, q/a, qa/bc, qa/de; q)∞
(q/b, q/c, qa/d, qa/e; q)∞
2ψ2
[
d, e
qa/b, qa/c
∣∣∣ q; qa
de
]
, (13)
we have
+∞∑
k=−∞
1− uq2k
1− u
(b, c, d, e; q)k
(qu/b, qu/c, qu/d, qu/e; q)k
qk
2
(
qu3
bcde
)k
=
(qu, q/u, qu/bc, qu/de; q)∞
(q/b, q/c, qu/d, qu/e; q)∞
2ψ2
[
d, e
qu/b, qu/c
∣∣∣ q; qu
de
]
. (14)
The case b = a of (13) reads
+∞∑
k=0
1− aq2k
1− a
(a, c, d, e; q)k
(q, qa/c, qa/d, qa/e; q)k
qk
2
(
qa2
cde
)k
=
(qa, qa/de; q)∞
(qa/d, qa/e; q)∞
2φ1
[
d, e
qa/c
∣∣∣ q; qa
de
]
. (15)
By means of the last equation, we gain
+∞∑
k=0
1− q2kb2/a
1− b2/a
(b2/a, bc/a, bd/a, be/a; q)k
(q, qb/c, qb/d, qb/e; q)k
qk
2
(
qab
cde
)k
=
(qb2/a, qa/de; q)∞
(qb/d, qb/e; q)∞
2φ1
[
bd/a, be/a
qb/c
∣∣∣ q; qa
de
]
. (16)
The combination of Corollary 10, (13), (14) and (16) offers
2ψ2
[
d, e
qa/b, qa/c
∣∣∣ q; qa
de
]
=
(b/a, qa/cd, qa/ce, de/a, bde/a; q)∞
(qa/c, qa/bc, qa/cde, bd/a, be/a; q)∞
× 2ψ2
[
d, e
bde/a, cde/a
∣∣∣ q; bc
a
]
+
(q, c, d, e, q/c, qb/c, bcde/qa2, q2a2/bcde; q)∞
(qa/b, qa/c, qa/bc, bc/a, bd/a, be/a, cde/qa, q2a/cde; q)∞
× 2φ1
[
bd/a, be/a
qb/c
∣∣∣ q; qa
de
]
.
Employing the substitutions a→ abz/q, b→ abz/c, c → abz/d, d→ a and e→ b in the
last equation, we achieve Theorem 11. 
When d = b, Theorem 11 brings
1ψ1
[
a
c
∣∣∣ q; z
]
=
(q, c/a, az, q/az; q)∞
(c, q/a, c/az, qaz/c; q)∞
1φ0
[
qa/c
−
∣∣∣ q; z
]
.
Evaluating the 1φ0 series on the right hand side by the q-binomial theorem (cf. [13,
Equation (1.3.2)]):
1φ0
[
a
−
∣∣∣ q; z
]
=
(az; q)∞
(z; q)∞
(17)
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with |z| < 1, we attain Ramanujan’s 1ψ1 series identity (cf. [13, Equation (5.2.1)]):
1ψ1
[
a
c
∣∣∣ q; z
]
=
(q, c/a, az, q/az; q)∞
(c, q/a, z, c/az; q)∞
, (18)
provided |c/a| < |z| < 1. The beautiful result was first provided by Ramanujan (see
Hardy [14]). Several nice proofs of it can be seen in the papers [1, 2, 4, 9, 12, 15, 16].
For three extensions of (18) which are different from Theorem 11:
2ψ2
[
a, b
c, d
∣∣∣ q; z
]
=
(az, c/b, d/a, qd/abz; q)∞
(z, d, q/b, cd/abz; q)∞
2ψ2
[
a, abz/d
c, az
∣∣∣ q; d
a
]
, (19)
where max{|z|, |cd/abz|, |d/a|, |c/b|} < 1,
2ψ2
[
a, b
c, d
∣∣∣ q; z
]
=
(q, b, c/a, d/a, az, q/az; q)∞
(c, d, q/a, b/a, z, q/z; q)∞
2φ1
[
qa/c, qa/d
qa/b
∣∣∣ q; cd
abz
]
+ idem(a; b), (20)
provided max{|z|, |cd/abz|} < 1,
2ψ2
[
a, b
c, d
∣∣∣ q; z
]
=
(q, c/b, q/d, abz/d, qd/abz; q)∞
(q/a, q/b, c, az/d, cd/abz; q)∞
2φ1
[
cd/abz, d/a
qd/az
∣∣∣ q; qb
d
]
−
(q, b, q/d, qc/d, d/a, az/q, q2/az; q)∞
(q/a, c, d/q, q2/d, qb/d, az/d, qd/az; q)∞
2φ1
[
qa/d, qb/d
qc/d
∣∣∣ q; z
]
, (21)
where max
{
|z|, |cd/abz|, |qb/d|
}
< 1, The reader is referred to [8], [13, Section 5.4] and
[10] respectively.
For deducing Bailey’s 6ψ6 series identity (1) from Theorem 4, we have to utilize the
Rogers’ 6φ5 summation formula (3). So it is desirable to give a transformation formula
which can reduce directly to (1) when the parameters are specified. The corresponding
result will be exhibited in the following theorem.
Theorem 12. Let a, b, c, d, e, f, g be complex numbers. Then
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, g
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2a3
bcdefg
]
=
(qa, q/a, qa/cd, qa/ce, qa/de, qa/fg, b/a, qu/c, qu/d, qu/e, qa/uf, qa/ug; q)∞
(q/f, q/g, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u, qa2/ufg; q)∞
× 8ψ8
[
qu
1
2 ,−qu
1
2 , b, c, d, e, uf/a, ug/a
u
1
2 ,−u
1
2 , qu/b, qu/c, qu/d, qu/e, qa/f, qa/g
∣∣∣ q; qa
fg
]
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, qa/bf, qa/bg, qa/fg; q)∞
(q/b, q/f, q/g, qa/b, qa/c, qa/d, qa/e, qa/f, qa/g, bc/a, bd/a, be/a; q)∞
×
(bcde/qa2, q2a2/bcde, q2a2/cdef, q2a2/cdeg; q)∞
(cde/qa, q2a/cde, q2ab/cde, q2a3/bcdefg; q)∞
× 8φ7
[
qab/cde, q(qab/cde)
1
2 ,−q(qab/cde)
1
2 , qa/cd, qa/ce, qa/de, bf/a, bg/a
(qab/cde)
1
2 ,−(qab/cde)
1
2 , qb/e, qb/d, qb/c, q2a2/cdef, q2a2/cdeg
∣∣∣ q; qa
fg
]
,
provided max{|qa/fg|, |q2a3/bcdefg|} < 1.
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Proof. In accordance with (8), we obtain
8φ7
[
b2/a, qba−
1
2 ,−qba−
1
2 , bc/a, bd/a, be/a, bf/a, bg/a
ba−
1
2 ,−ba−
1
2 , qb/c, qb/d, qb/e, qb/f, qb/g
∣∣∣ q; q2a3
bcdefg
]
=
(qb2/a, qa/fg, q2a2/cdef, q2a2/cdeg; q)∞
(qb/f, qb/g, q2ab/cde, q2a3/bcdefg; q)∞
× 8φ7
[
qab/cde, q(qab/cde)
1
2 ,−q(qab/cde)
1
2 , qa/cd, qa/ce, qa/de, bf/a, bg/a
(qab/cde)
1
2 ,−(qab/cde)
1
2 , qb/e, qb/d, qb/c, q2a2/cdef, q2a2/cdeg
∣∣∣ q; qa
fg
]
.
Putting the last equation into Theorem 4, we get Theorem 12. 
When qa = de, Theorem 12 reduces exactly to Bailey’s 6ψ6 series identity (1) under the
replacements f → d and g → e.
For deriving Ramanujan’s 1ψ1 series identity (18) from Theorem 11, we have to use the
q-binomial theorem (17). So it is interesting to offer a transformation formula which can
reduce directly to (18) when the parameters are specified. The corresponding result will
be displayed in the following theorem.
Theorem 13. Let a, b, c, d, z be complex numbers. Then
2ψ2
[
a, b
c, d
∣∣∣ q; z
]
=
(q/z, q/c, qab/c, d/a, d/b; q)∞
(qa/c, qb/c, d, d/ab, cd/abz; q)∞
× 2ψ2
[
a, b
qab/c, qab/d
∣∣∣ q; qabz
cd
]
+
(q, a, b, cd/ab, qab/cd, , qaz/c, abz/d, qd/abz; q)∞
(c, d, z, qa/c, ab/d, qd/ab, cd/abz, qabz/cd; q)∞
× 2φ1
[
z, d/b
qaz/c
∣∣∣ q; qb
c
]
,
where |cd/ab| < |z| < 1, |q| < |z| < |cd/qab| and |qb/c| < 1.
Proof. When f, g →∞, Theorem 12 produces the following relation:
+∞∑
k=−∞
1− aq2k
1− a
(b, c, d, e; q)k
(qa/b, qa/c, qa/d, qa/e; q)k
qk
2
(
qa3
bcde
)k
=
(qa, q/a, qa/cd, qa/ce, qa/de, b/a, qu/c, qu/d, qu/e; q)∞
(qa/c, qa/d, qa/e, bc/a, bd/a, be/a, b/u, qu, q/u; q)∞
×
+∞∑
k=−∞
1− uq2k
1− u
(b, c, d, e; q)k
(qu/b, qu/c, qu/d, qu/e; q)k
qk
2
(
qu3
bcde
)k
+
(q, qa, q/a, c, d, e, qb/c, qb/d, qb/e, bcde/qa2, q2a2/bcde; q)∞
(qa/b, qa/c, qa/d, qa/e, bc/a, bd/a, be/a, q/b, cde/qa, q2a/cde, q2ab/cde; q)∞
×
+∞∑
k=0
1− q1+2kab/cde
1− qab/cde
(qab/cde, qa/cd, qa/ce, qa/de; q)k
(q, qb/e, qb/d, qb/c; q)k
qk
2
(
b2
a
)k
. (22)
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According to (15), we gain
+∞∑
k=0
1− q1+2kab/cde
1− qab/cde
(qab/cde, qa/cd, qa/ce, qa/de; q)k
(q, qb/e, qb/d, qb/c; q)k
qk
2
(
b2
a
)k
=
(be/a, q2ab/cde; q)∞
(qb/c, qb/d; q)∞
2φ1
[
qa/ce, qa/de
qb/e
∣∣∣ q; be
a
]
. (23)
The combination of (13)-(14) and (22)-(23) generates
2ψ2
[
d, e
qa/b, qa/c
∣∣∣ q; qa
de
]
=
(b/a, qa/cd, qa/ce, de/a, bde/a; q)∞
(qa/c, qa/bc, qa/cde, bd/a, be/a; q)∞
× 2ψ2
[
d, e
bde/a, cde/a
∣∣∣ q; bc
a
]
+
(q, c, d, e, q/c, qb/e, bcde/qa2, q2a2/bcde; q)∞
(qa/b, qa/c, qa/bc, qa/de, bc/a, bd/a, cde/qa, q2a/cde; q)∞
× 2φ1
[
qa/ce, qa/de
qb/e
∣∣∣ q; be
a
]
.
Employing the substitutions a→ abz/q, b→ abz/c, c → abz/d, d→ a and e→ b in the
last equation, we achieve Theorem 13. 
Clearly, Theorem 13 reduces exactly to Ramanujan’s 1ψ1 series identity (18) when d = b.
3. A known transformation formula involving
a 8ψ8 series and two 8φ7 series
In this seciton, we shall prove the known extension of Bailey’s 6ψ6 series identity (1) in
terms of the analytic continuation argument. A related formula is also afforded.
Theorem 14. Let a, b, c, d, e, f, g be complex numbers. Then
8ψ8
[
qa1/2,−qa1/2, b, c, d, e, f, g
a1/2,−a1/2, qa/b, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2a3
bcdefg
]
=
(q, qa, q/a, qa/bf, qa/cf, qa/df, qa/ef, qf/b, qf/c, qf/d, qf/e, g, g/a; q)∞
(q/b, q/c, q/d, q/e, q/f, qa/b, qa/c, qa/d, qa/e, qa/f, g/f, fg/a, qf2/a; q)∞
× 8φ7
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , bf/a, cf/a, df/a, ef/a, gf/a
fa−
1
2 ,−fa−
1
2 , qf/b, qf/c, qf/d, qf/e, qf/g
∣∣∣ q; q2a3
bcdefg
]
+ idem(f, g),
provided |q2a3/bcdefg| < 1.
Proof. Performing the replacements b→ g/a, c→ f/a, d→ d/a, e→ e/a, f → c/a in (2)
and then replacing a by a1/2, we attain
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8φ7
[
a, qa
1
2 ,−qa
1
2 , c, d, e, f, g
a
1
2 ,−a
1
2 , qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2a2
cdefg
]
=
(qa, qa/cf, qa/df, qa/ef, qf/a, qf/c, qf/d, qf/e, g, g/a; q)∞
(q/c, q/d, q/e, qa/c, qa/d, qa/e, qa/f, g/f, fg/a, qf2/a; q)∞
× 8φ7
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , f, cf/a, df/a, ef/a, gf/a
fa−
1
2 ,−fa−
1
2 , qf/a, qf/c, qf/d, qf/e, qf/g
∣∣∣ q; q2a2
cdefg
]
+ idem(f, g).
Let m be a positive integer. Employing the substitutions a → aq−2m, c → cq−m, d →
dq−m, e→ eq−m, f → fq−m and g → gq−m in the last equation, we have
8φ7
[
q−2ma, q1−ma
1
2 ,−q1−ma
1
2 , q−mc, q−md, q−me, q−mf, q−mg
q−ma
1
2 ,−q−ma
1
2 , q1−ma/c, q1−ma/d, q1−ma/e, q1−ma/f, q1−ma/g
∣∣∣ q; q2+ma2
cdefg
]
=
(q1−2ma, qa/cf, qa/df, qa/ef, q1+mf/a, qf/c, qf/d; q)∞
(q1+m/c, q1+m/d, q1+m/e, q1−ma/c, q1−ma/d, q1−ma/e, q1−ma/f ; q)∞
×
(qf/e, q−mg, qmg/a; q)∞
(g/f, fg/a, qf2/a; q)∞
× 8φ7
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , q−mf, cf/a, df/a, ef/a, gf/a
fa−
1
2 ,−fa−
1
2 , q1+mf/a, qf/c, qf/d, qf/e, qf/g
∣∣∣ q; q2+ma2
cdefg
]
+ idem(f, g). (24)
The series on the left hand side can be reformulated as
8φ7
[
q−2ma, q1−ma
1
2 ,−q1−ma
1
2 , q−mc, q−md, q−me, q−mf, q−mg
q−ma
1
2 ,−q−ma
1
2 , q1−ma/c, q1−ma/d, q1−ma/e, q1−ma/f, q1−ma/g
∣∣∣ q; q2+ma2
cdefg
]
=
(q−2ma, q1−ma
1
2 ,−q1−ma
1
2 , q−mc, q−md, q−me, q−mf, q−mg; q)m
(q, q−ma
1
2 ,−q−ma
1
2 , q1−ma/c, q1−ma/d, q1−ma/e, q1−ma/f, q1−ma/g; q)m
×
(
q2+ma2
cdefg
)m
8ψ8
[
qa
1
2 ,−qa
1
2 , q−ma, c, d, e, f, g
a
1
2 ,−a
1
2 , q1+m, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2+ma2
cdefg
]
. (25)
The combination (24) and (25) provides
8ψ8
[
qa
1
2 ,−qa
1
2 , q−ma, c, d, e, f, g
a
1
2 ,−a
1
2 , q1+m, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2+ma2
cdefg
]
=
(q, qa, q/a, q1+m/f, qa/cf, qa/df, qa/ef, q1+mf/a, qf/c, qf/d, qf/e, g, g/a; q)∞
(q1+m/a, q/c, q/d, q/e, q/f, q1+m, qa/c, qa/d, qa/e, qa/f, g/f, fg/a, qf2/a; q)∞
× 8φ7
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , q−mf, cf/a, df/a, ef/a, gf/a
fa−
1
2 ,−fa−
1
2 , q1+mf/a, qf/c, qf/d, qf/e, qf/g
∣∣∣ q; q2+ma2
cdefg
]
+ idem(f, g). (26)
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Define two functions f(z) and g(z) by
f(z) = 8ψ8
[
qa
1
2 ,−qa
1
2 , qa/z, c, d, e, f, g
a
1
2 ,−a
1
2 , z, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; qza2
cdefg
]
=
∞∑
k=0
(qa
1
2 ,−qa
1
2 , c, d, e, f, g; q)k
∏k
i=1(z − q
ia)
(a
1
2 ,−a
1
2 , qa/c, qa/d, qa/e, qa/f, qa/g, z; q)k
(
qa2
cdefg
)k
+
∞∑
k=1
(q/a
1
2 ,−q/a
1
2 , c/a, d/a, e/a, f/a, g/a; q)k
∏k
i=1(z − q
i)
(1/a
1
2 ,−1/a
1
2 , q/c, q/d, q/e, q/f, q/g, z/a; q)k
(
qa2
cdefg
)k
,
g(z) =
(q, qa, q/a, z/f, qa/cf, qa/df, qa/ef, zf/a, qf/c, qf/d, qf/e, g, g/a; q)∞
(z/a, q/c, q/d, q/e, q/f, z, qa/c, qa/d, qa/e, qa/f, g/f, fg/a, qf2/a; q)∞
× 8φ7
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , qf/z, cf/a, df/a, ef/a, gf/a
fa−
1
2 ,−fa−
1
2 , zf/a, qf/c, qf/d, qf/e, qf/g
∣∣∣ q; qza2
cdefg
]
+ idem(f, g)
=
(q, qa, q/a, z/f, qa/cf, qa/df, qa/ef, zf/a, qf/c, qf/d, qf/e, g, g/a; q)∞
(z/a, q/c, q/d, q/e, q/f, z, qa/c, qa/d, qa/e, qa/f, g/f, fg/a, qf2/a; q)∞
×
∞∑
k=0
(f2/a, qfa−
1
2 ,−qfa−
1
2 , cf/a, df/a, ef/a, gf/a; q)k
∏k
i=1(z − q
if)
(q, fa−
1
2 ,−fa−
1
2 , qf/c, qf/d, qf/e, qf/g, zf/a; q)k
(
qa2
cdefg
)k
+ idem(f, g).
Then (26) shows that
f(z) = g(z) (27)
for z = q1+m. Therefore, (27) holds for all |z| < min{1, |a|, |a/f |} via Lemma 1. By
analytic continuation, the restriction on z can by relaxed. Thus we obtain
8ψ8
[
qa
1
2 ,−qa
1
2 , qa/z, c, d, e, f, g
a
1
2 ,−a
1
2 , z, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; qza2
cdefg
]
=
(q, qa, q/a, z/f, qa/cf, qa/df, qa/ef, zf/a, qf/c, qf/d, qf/e, g, g/a; q)∞
(z/a, q/c, q/d, q/e, q/f, z, qa/c, qa/d, qa/e, qa/f, g/f, fg/a, qf2/a; q)∞
× 8φ7
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , qf/z, cf/a, df/a, ef/a, gf/a
fa−
1
2 ,−fa−
1
2 , zf/a, qf/c, qf/d, qf/e, qf/g
∣∣∣ q; qza2
cdefg
]
+ idem(f, g).
Replacing z by qa/b in the last equation, we get Theorem 14. 
When qa = eg, Theorem 14 turns into
6ψ6
[
qa
1
2 ,−qa
1
2 , b, c, d, f
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/f
∣∣∣ q; qa2
bcdf
]
=
(q, qa, q/a, qa/bf, qa/cf, qa/df, qf/b, qf/c, qf/d; q)∞
(q/b, q/c, q/d, q/f, qa/b, qa/c, qa/d, qa/f, qf2/a; q)∞
× 6φ5
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , bf/a, cf/a, df/a
fa−
1
2 ,−fa−
1
2 , qf/b, qf/c, qf/d
∣∣∣ q; qa2
bcdf
]
.
Computing the series on the right hand side by the Rogers’ 6φ5 summation formula (3),
we gain Bailey’s 6ψ6 series identity (1) under the substitution f → e.
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For deducing (1) from Theorem 14, it is also necessary to take advantage of (3). Now
we shall establish another direct extension of (1) in the following theorem.
Theorem 15. Let a, b, c, d, e, f, g be complex numbers. Then
8ψ8
[
qa
1
2 ,−qa
1
2 , b, c, d, e, f, g
a
1
2 ,−a
1
2 , qa/b, qa/c, qa/d, qa/e, qa/f, qa/g
∣∣∣ q; q2a3
bcdefg
]
=
(q, qa, q/a, qa/bc, qa/bf, qa/cf, qa/df, qa/ef, qf/d, qf/e; q)∞
(q/b, q/c, q/d, q/e, q/f, qa/b, qa/c, qa/d, qa/e, qa/f ; q)∞
×
(g, g/a, q2a2/bdeg, q2a2/cdeg; q)∞
(g/f, fg/a, q2af/deg, q2a3/bcdefg; q)∞
× 8φ7
[
w, qw
1
2 ,−qw
1
2 , qa/de, qa/dg, qa/eg, bf/a, cf/a
w
1
2 ,−w
1
2 , qf/g, qf/e, qf/d, q2a2/bdeg, q2a2/cdeg
∣∣∣ q; qa
bc
]
+ idem(f, g),
where w = qaf/deg and max{|qa/bc|, |q2a3/bcdefg|} < 1.
Proof. In terms of (8), we have
8φ7
[
f2/a, qfa−
1
2 ,−qfa−
1
2 , bf/a, cf/a, df/a, ef/a, gf/a
fa−
1
2 ,−fa−
1
2 , qf/b, qf/c, qf/d, qf/e, qf/g
∣∣∣ q; q2a3
bcdefg
]
=
(qf2/a, qa/bc, q2a2/bdeg, q2a2/cdeg; q)∞
(qf/b, qf/c, q2af/deg, q2a3/bcdefg; q)∞
× 8φ7
[
w, qw
1
2 ,−qw
1
2 , qa/de, qa/dg, qa/eg, bf/a, cf/a
w
1
2 ,−w
1
2 , qf/g, qf/e, qf/d, q2a2/bdeg, q2a2/cdeg
∣∣∣ q; qa
bc
]
,
8φ7
[
g2/a, qga−
1
2 ,−qga−
1
2 , bg/a, cg/a, dg/a, eg/a, fg/a
ga−
1
2 ,−ga−
1
2 , qg/b, qg/c, qg/d, qg/e, qg/f
∣∣∣ q; q2a3
bcdefg
]
=
(qg2/a, qa/bc, q2a2/bdef, q2a2/cdef ; q)∞
(qg/b, qg/c, q2ag/def, q2a3/bcdefg; q)∞
× 8φ7
[
θ, qθ
1
2 ,−qθ
1
2 , qa/de, qa/df, qa/ef, bg/a, cg/a
θ
1
2 ,−θ
1
2 , qg/f, qg/e, qg/d, q2a2/bdef, q2a2/cdef
∣∣∣ q; qa
bc
]
with θ = qag/def . Putting the last two equations into Theorem 14, we achieve Theorem
15 after some simplification. 
When qa = eg, Theorem 15 reduces exactly to Bailey’s 6ψ6 series identity (1) under the
replacement f → e.
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